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Abstract 

By the Baxter's Q72-operator method, we demonstrate the equivalent theory between the 
generalized -model (other than two special cases with a pseudovacuum state) and the N- 
state chiral Potts model with two alternating vertical rapidities, where the degenerate models 
are included. As a consequence, the theory of the XXZ chain model associated to cyclic rep- 
resentations (with the parameter <;) of U q (sl2) with q N = 1 for odd N is identified with either 
(for s N = 1) the chiral Potts model with two superintegrable vertical rapidities, or (for <; N ^ 1) 
the degenerate model for the selfdual solution of the star-triangle relation. In all these identi- 
fications, the transfer matrices T, T of the chiral Potts model (including the degenerate ones) 
serve as the Qr, Q^-operators of the corresponding r^-model, so that the functional relations 
hold as in the solvable A-state chiral Potts model. 
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1 Introduction 



In the study of iV-state chiral Potts model (CPM) as a descendant of the six- vertex model, Bazhanov 
and Stroganov [14| found a five-parameter family of Yang-Baxter (YB) solutions for the asymmetric 
six-vertex i?-matrix, which defines the generalized r^-model, also known as the Baxter-Bazhanov- 
Stroganov model [TT| [TH I22j . The transfer chiral-Potts matrix arises as the Q-operator of the 
corresponding r^-matrix |12|, I14j by following the construction of Baxter's Q-operator for the 
eight-vertex model in [6]. Hereafter in this paper, the CPM always means the "checkerboard" type 
model with two vertical (alternating) rapidities as discussed in [12], where the functional-relation 
method was invented due to the lack of the " difference" property of CPM rapidities in a high-genus 
curve. By counting the free parameters of CPM, one easily see that the -models arisen from 
CPM form a three-parameter sub-family among all generalized T^^-models. The aim of this paper 
is to conduct the Q-operator investigation for an arbitrary generalized r^-model along the line of 
Baxter's Q72-operator in the eight-vertex model [3J. First, we note that a pseudovacuum state exists 
only for a certain special type of r^-models, which can be studied by the powerful algebraic Bethe 
ansatz method [201 [231 (2H [35] as previously shown in [31]. Except those r^-models possessing 
a pseudovacuum state, the main result of this paper can be loosely stated as " the generalized 
-7-( 2 )-models and CPM with two vertical rapidities are the equivalent theories provided degenerate 
versions of CPM are included" . The CPM transfer matrix will be derived as the Q-operator of the 
corresponding r^-model in the functional-relation framework \12\ [29] . Note that the r^ 2 -* -model 
in this work is the trace of product of L-operator (|2,12p . which is invariant under gauge and scale 
transforms (|2.2ip (|2,22p . Using these transformations, one can always reduce the -model to 
one in CPM with the alternating rapidities having the same temperature-like parameter k'. Hence 
the Q-operator is the CPM transfer matrix in [12], however the degenerate forms are necessarily 
included. Furthermore, Baxter extended the study of CPM transfer matrix and functional relations 
to some t^ 2 -* -models pj] more general than those considered in this work. The generalized -re- 
model of Baxter in [TT] is an " inhomogeneous" model of alternating rapidities with two k's, not 
generally equal even by the gauge and scale transforms. Then the Boltzmann weights not necessarily 
satisfy the usual iV-periodicity conditions, but replaced by a weaker condition ([11] (27)). 

By the observation that a special gauge transformation and the rescaling of spectral variables 
of the L-operator give rise to the equivalent T^-models, a "generic" r^-model can be reduced to 
a "r( 2 )-model in CPM. Indeed, one can derive the quantitative description of the "generic" -criterion 
about parameters in L-operator by the algebraic geometry study of these equivalent relations among 
r( 2 )-models. As a consequence of this result, the conjectural boundary fusion relation [221 131] holds 
for an arbitrary generalized T^^-model, hence the method of separation of variables can be applied 
in the study of r^-models ([22] Theorem 2). Furthermore, the non-generic r( 2 )-models are now the 
only remaining cases where an appropriate Q-operator is to be found in the theory. In this paper, we 
employ the Baxter's techniques of producing Q72-operator of the root-of-unity eight-vertex model 
[3J to construct the Qr,Ql~, then Q-operator for a given T^-model, as in the Q-operator study 
of the root-of-unity XXZ and eight-vertex model in [H [HI HH [13 [HI [HI EQl E21 [33], also as 
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the superintegrable CPM in [34J. Indeed, we show that the method can be successfully applied to 
CPM with two arbitrary vertical rapidities to reproduce the CPM transfer matrices T, T, originally 
appeared in [12], from the r^-matrix as its Qr, Q^-operators. The special (i.e. non-generic) -re- 
models, other than two special cases (see (|3.19p in the paper) where the pseudovacuum state exists, 
are now reduced to the theory of "degenerate chiral Potts models" for k' = 1,0. The degenerate 
chiral Potts models for k' = 1 are indeed the selfdual solutions of the star-triangle relation in 
[21 [25| [131 EI] • Consequently, the theory of XXZ chains associated to cyclic representations (with 
the parameter ?) of U q (sl2) for = 1 and odd N can be identified with either the superintegrable 
CPM with two vertical rapidities (for s N = 1), or the selfdual Potts model in [131 121j (for q ^ 1). 
Among these identifications is the equivalent theory of the spin-^^- XXZ chain for = 1 and a 
homogeneous superintegrable CPM, as previously shown in [34]. Furthermore, the r^-matrix of a 
degenerate chiral Potts model is explicitly given in our approach so that the whole set of functional 
relations in CPM [12] holds also in the degenerate model. This suggests that one should be able 
to carry out a study of the degenerate chiral Potts model (but not done yet) on various problems, 
such as the eigenvalue spectrum of the transfer matrix, similar to those in the solvable iV-state 
chiral Potts model in [51 [26] . 

This paper is organized as follows. In section [21 we briefly review some basic facts in CPM and 
the generalized T^-model. First we recall known results in CPM in subsection I2.U then give a 
brief discussion of the generalized -model in subsection 12.21 Here we state one of main results 
in this paper, Theorem 12.11 about the precise criterion of r^-models equivalent to those in CPM 
with two vertical rapidities. The proof of Theorem 12.11 is based on an algebraic geometry study 
of rapidity curves for k! ^ 0, ±1, the detailed argument of which we leave in Appendix where 
some technical complexity in mathematical derivation seems necessary due to the constraint of 
the parameter k'. In section 13.11 we provide a construction of Q-operator of a generalized re- 
model using the Baxter's Q72-operator method [I]. We illustrate this construction by reproducing 
the chiral Potts transfer matrices from the T^-model as its Qr and Q^-operators. The method 
will also enable us to derive the degenerate chiral Potts models from the r^-model not covered in 
TheoremO In section^ the selfdual degenerate Potts model with k' = 1 (in [3l[25l[2Tj, p3](10)) 
are found through the Q-operator theory of certain T^-models, among which are those equivalent 
to XXZ chains for cyclic representations of U q (sl2) previously described in [31] with q^ = 1 and 
representation parameter ^ / 1 for odd N . In section [H we study the Q-operator theory of the 
remaining special r^-models (with conditions (|3,20p (|4.ip . and / 1). The Qr, Qi-operators 
are constructed through the theory of degenerate chiral Potts models with k' = 1,0. However, the 
commutating relation between Qr and Ql required for the construction of commuting Q-operators 
holds only in case k! = 1 , which is studied in subsection 14. 11 The degenerate chiral Potts models 
with k' = is discussed in subsection 14.21 Since the Boltzmann weights of each case for degenerate 
chiral Potts model with k' = 1 give arise to a solution of the star-triangle relation, we observe that 
the derivation of functional relations in CPM in [12J holds also for these degenerated models. The 
functional relations of all those models are listed in section [5j We close in section [6] with some 
concluding remarks. 
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2 Chiral Potts Model and the Generalized r^-model 



This section serves as a brief introduction to the chiral Potts model and the generalized -model 
with a sketchy summary, also used for establishing the notation (for more details, see [TJ [T2| [T4"t [271 
[28] and references therein). In subsection I2.2[ we describe a precise -matrix criterion of CPM 
with two vertical rapidities among all generalized r^-models, stated as Theorem 12. 1[ the proof of 
which we leave in Appendix. 

In this paper, denotes the vector space of TV-cyclic vectors v = S n eZjv v n\ n ) with the basis 
indexed by n E Z^{:= Z/NZ). We fix the Nth root of unity uj = e n , and a pair of Weyl 
C^-operators, X and Z, with the relations XZ = uj~ 1 ZX and X N = Z N = 1: 

X\n) = \n + 1), Z\n)=u n \n) (n£Z N ). 
2.1 The iV-state chiral Potts model 

The rapidities of the iV-state CMP are elements of a genus-(iV 3 — 2N 2 + 1) curve described by the 
four-vector ratios [a, b, c, d] in the projective 3-space P 3 with the equation 

J ka N + k'c N = d N , kb N + k'd N = c N , 
Wk ' ''\a N + k'b N = kd N , k'a N + b N = kc N , ( ' } 

where k, k! are parameters with k 2 + k' 2 = 1, and k' ^ ±1, 0. Note that the four relations in (|2.ip 
are determined by an arbitrary two among them. In this paper, the variables x, y, fx, t will denote 
the following component-ratios of [a,b,c,d] € P 3 : 

a b d ab 

x -=j, y-=~, M : =~, t ■= — (= xy). 
d c c cd 

For later use, we define the following P 3 -automorphisms: 

R : (x,y,fj,) i-> (y^x,^ 1 ), T : (x, y, n) i-> (ux, u~ r y, o;~V)> U : (x, y, n) ^ (ux, y, n). (2.2) 



Note that the above automorphisms leave the curve (|2.ip unchanged. Hereafter, we shall use letters 
p, q, . . . to denote elements in P 3 , and write its ratio-coordinates by x p , y p , t p , /j, p , a p , b p , . . . whenever 
it will be necessary to specify the element p. Using the coordinates (x,y,[i) £ C 3 , the curve Wt> 
(|2.1|) is defined by the equation: 

W k , : kx N = 1 - k'pT N , ky N = 1 - k' fi N , (2.3) 

which is equivalent to 

, _ x N + V N „ N _ l~kx N ( _ x N +y N N _ l-ky N \ 

K ~l + x N y N,li ~ k> \ l + xV M ~ k' ) ' [ ' 

The condition for k ^ 0, ±l,oo is equivalent to the constraint: either (x N + y N )(l — x 2N )(l — 
y 2N )(l + x N y N ) / 0, or x N = —y N = ±1. The Boltzmann weights of the iV-state CPM are defined 
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by coordinates of p, q £ ■ 



W Pz q(n) _ /£tp\n yin yq-ui^Xp _ yrn dpbq—apCqU) 1 

W P ,q(0) ~ v fiq ) lli=l y p -u>3x q ~ llj'=l bpd q -Cpa q a>3 ' 

Wp,g(rc) _ / \fl T-rn UJXp—UpXg _ TTti LOapdq—dpClqui 



(2.5) 



which satisfy the star-triangle relation 



^ WVO" " n)WprO' " " /') = - j')W pr (j' - j")W qr (j - j") (2.6) 

n=0 

where i? pgr = S -^- with /„ := ( d ^-Tf//V? ) " ■ Note that the rapidity constraint ([23]) ensures 
the Boltzmann weights (|2.5p with the iV-periodic property for n. On a lattice of the horizontal size 

L, the combined weights of intersections with vertical rapidities p,p' between two consecutive rows 

L N 

give rise to the operator of <g> C which defines the transfer matrix of the iV-state CPM: 

L 

t p,p' (%},{;'} = II - feWp'An+i ~ ft), ( 2 - 7 ) 

for q 6 2Ufc' and je,j' e E Z^r. Here the periodic condition is imposed by defining L+l = 1. Similarly, 
we define 

L 

= Uw P , q (je ~ fe)W p >, q (j e - f e+1 ). (2.8) 

Then T PjP ',T PiP t commute with the spin-shift operator, denoted again by X (:= when no 

confusion could arise. The star-triangle relation (|2.6p yields the following commutative relation 

T p , p ,(q)T p!p ,(r) = (^^(^(g), T p>p , (q)T p>p , (r) = (Mf)%^( r )T p ^(q), (2.9) 

JpqJp'r Jp'qjpr 

for q, r £ 2U^/ (see [12] (2.15a)-(2.32b)), by which the Q-operators, defined by 

QvAi) = %A<&)~%A<i) = {t^) l TpA<i) t v,p>(<izT 1 

Jp'qjpqo 

for q 6 22Jfc/, form a commuting family. Here qo is an arbitrary point in SU^.' f° r both T p p >(qo), T p p '(qo) 
being non-singular. 

2.2 The generalized r^-model 

In the discussion of CPM as a descendent of the six-vertex model, a five-parameter family of 
generalized r^-models was found in [14] with the L-operator defined by the matrix of C 2 -auxiliary, 
C^-quantum space in terms of the Weyl operators X, Z: 



1 + tnX (7 - gX)Z 
t(a - f3X)Z~ 1 tcry + 



««>-i ., y %y: I. ( 2.i 0) 
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Hereafter in this paper, we assume the complex parameters a, (3, 7, g, k to be non-zero ( even though 
no such restriction was required in the general discussion [141 122j ). The above L-operator satisfies 
the Yang-Baxter (YB) equation 



i?(iA0(L(i)&l)(l(5?)L(O) = (l®L(f))(L(i)®l)fl(t/0 



(2.11) 



aux aux 



for the asymmetric six-vertex i?-matrix, 

( tuj-l 




R(t) 



\ 









t-1 uj-1 
t{u-l) (t-l)u 



\ 













tu-1 



For later convenience, throughout this paper we use another but equivalent labelling of the param- 
eters in (pTTOl) : 

(a,b,a',b',c)-'~^ 1 P ~ l — ' 



-,-,-,-,-)eC' s 1 C*:= C\{0}, 

UK 7 k a cey 



i.e. [a,P,i,Q,K) = (-bt, -pet, h> W' Pi); then <i 2 - 10 P becomes 



L(t) 



A(t) B(t) 
C(t) D(t) 



(2.12) 



Note that there is no connection between the above parameters (a, b, a', b', c) and the homogeneous 
coordinates [a, b, c, d] of P 3 in (|2.1[) . The quantum determinant and the "classical" L-operator ( |22j 
(45), [31J (2.9) (2.24), [36J) of ([2T2]) are expressed by 



det g L(i) = q(t)X, 
C(t N )(:= <L» 



?(*) := (^(ab-t)(a'b'-t), 



f (A) 




_ 1 f 




(D) ) 


b ,N b N 1 



i_/JV jv JV 

b — a c 



(2.13) 



where (O) := H^Lc) 1 0{uj l t) denotes the average of the (commuting family of) operators 0(t) for 



li=0 

t£ C. Then the monodromy matrix of the chain size L for (|2.12p . 

L 



U{t) 



1=1 



A L (t) B L (t) 
C L (t) D L (t) 



L e (t) = L(t) at site £, 



(2.14) 



again satisfy the YB equation (|2.1ip . with the average given by ([31] Proposition 2.2, |36j) 

= C 1 (t N )C 2 (t N ) ■ ■ ■ C L (t N )(= C(t N ) L ). (2.15) 



L 

((g) M := 

1=1 



(Al) (b l ) 
(Cl) (D L ) 



The -matrix is the commuting family of £g> C^-operators defined by the w-twisted trace of 
the monodromy matrix (|2,14p : 



r( 2 )(t) =tr r2 (9) L £ (a;t), 



(2.16) 
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which commutes with the spin-shift operator X. For an integer j > 2, there exists the j'th fusion 
L-operator, (a matrix of -auxiliary and C^-quantum space) constructed from the L-operator 
(|2.12p by a canonical procedure, which gives rise to the j'th fusion r^-model, i.e. the commuting 

C^-operators T^\t) for t € C, so that the operators t^'s with = O,-^ 1 ) = / satisfy the 
following recursive fusion relation: 

TW(u3-H)T®(t) = Z{UJ^H)XT^- I ){t)+T^ +I \t), j > 1. (2.17) 

where z(t) = q(t) L with q(t) in (|2.13p (see, e.g. [31] Proposition 2.1). 

The r^-matrix of CPM with vertical rapidities p,p' in (|2.3[) . denoted by t^, hereafter in this 
paper, is constructed from the L-operator (|2,12p with parameters (|2. 12j) defined by 

(a,b,a',b',c) = (x p ,y p ,Xp>,y p >, /VV)> (2.18) 

(by formulas (3.37) (3.38) for j = 2, a = n = 0, 1, m = 0, 1, (A3), and (3.44a) for j = 2,k = 
in pi]), and it relates to the CPM transfer matrices ([277 )1 ([278" )) by the r^T-relations ([HJ (4.20) 
(4.21)0 

T®,(u-H q )T pp ,( q ) = { (y P --f P '-^%) } L T p {u -i } + { (v-y ? )fa-y } L T < jtfu-i q ) t 

p,p'\ Q) P,P W I y p y p ,(x pl -u> 1 x q ) > P'P \ y P y p '{xp-y q ) ' P'P K H > } <2 2Q) 

%Aq)T®{u-H q ) ={ {v *- X ?^--? t ? }%AU- 1 q) + { iyp ~ y t P '~ tq h L T pp >(R 2 U- 1 q) 1 
P'P P,t ' v 9/ L y p y p ,(x p -Lu L x q ) J P'P » ypy p '( x p '-yq) J P'P v 



where £/, i? are 2Ufc' -automorphisms defined in (j2.2|) . Then r^ys form a 3-parameter family among 
all the generalized r^ 2 ** -matrices. On the other hand, there are two equivalent relations among all 
L-operator (|2.12|) which produce equivalent r^-models. First, the r^-matrix is unchanged when 
applying the gauge transform to the L-operator (|2. 12)1 by ML(t)M~ l with M = dia[l, i/]. The 
corresponding change of parameters is the transformation: 

(a,b,a',b',c)>-^ ( v - 1 a,ub,ua',u- 1 b',c), v e C*. (2.21) 

The second equivalent relation is induced by substituting the variable t by A _1 t, which corresponds 
to the transformation of parameters: 

(a,b,a',b',c) ■-> (Aa, b, a', Ab', c), A e C*. (2.22) 

Then the relations, ([2.21 j) and (|2.22jl . give rise to a C* 2 - action of the 5-parameters of L-operators 
(|2.12|1 . by which a generic -model can be reduced to a CPM in (|2.18jl . Indeed, an explicit 



.(2) 

niai i una i 

the proof of which we leave in the appendix. 



description of T^-models equivalent to the chiral Potts t„ L is described by the following theorem, 

p>p 



1 An equivalent formulation of first r^T-relation in (I2.20|) is given by [12] (4.31) using the automorphism U only: 

(2), -1, Srr i \ r (Up - Xq)(t p > — U) tq) frr-l \ I r w /VMpfe - tq){Xp> ~ %q) ,£ , > ,„.„, 

rj> t,)T„,( 9 ) = { w(v _ w _r^ } ^ ff ) + { _ UXq) }^ pA U g ). (2.19) 
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Theorem 2.1 The necessary and sufficient condition for parameters a,b, a', b',c G C* in \2.12\\ 
whose -model is equivalent to a CPM -model via relations \2.21\ , \2.22\ for p,p' in {H2j) 
with k' 7^ 0, dbl is 

( b N - a' N = b' N - a N = for c N = 1 

{ (b N - a' N )(b' N - a N )(b N - a' N c N )(b' N - aVXb^b'" - a N a' N c N ) + for c N + 1 . 

(2.23) 



In the above situation, the -matrix is related to Ti', -matrix by a change of variables, t = A 1 t 



.(2) 

/or some AG C*; 

p,p 



r m {t) = rfUt). (2.24) 



As an easy consequence of the above theorem, a conjectural boundary fusion relation ([22] (107), 
31J (2.30)) is valid for a generalized r^-model: 



Corollary 2.1 the boundary fusion relation holds for an arbitrary -model: 

T (N+1) (t) = z ( t ) Xr (JV-l) ^ + n(t)/) (2>25) 
w/iere = g(t) L as in §£1% , and u(t) := (A L ) + (D L ) with A L ,D L in §2AJj\ . 



Proof. By the construction of -matrices ([31] section 2.2) and using the continuity argument, 
one needs only to verify the relation (|2.25p for a generic r^-model as described in (|2.23j) . which 
by Theorem 12. 1\ is equivalent to a CPM ^-model. Note that the relation (|2.21|) leaves the 
quantum determinant q(t) unchanged, but changes C(t N ) in (|2.13p only by a gauge transformation, 
hence with the same u(t) in (|2,25p by (|2.15p . For the relation (|2.22p . one uses t = \~ 1 t and 
(Aa, b, a', Ab', c) = (a, b, a', b', c), then finds q(t) = q(t), and C(t N ) = hence u(t) = u(t). 

Therefore the equality (|2.25p is preserved under relations (|2.2ip and (|2.13p . The conclusion of this 
theorem now follows from the known fact about the valid boundary fusion relation (|2.25p for CPM 



r< 2 > -model ([H] (4.27c) (4.28) (4.29) (2.46)), where q{t) = *)(V ^ u{t) = (Xq + a q with 



a q = e q ,a q = e q and e q , e q the eigenvalues of C(t N ) in (12.130 : 

a q -e q , e q - - {x N_ x N )y N y « - {x <y x N )y N y « , 

_ __ L _ _ -<) «-<xtf-ff) (ff-ffXiff-Q 

a q -e q , e q - - {x y y N )y N y « - {x N_ y N )y N y « ■ 



(2.26) 



Remark The functions, a q , a q in (|2.26p and z(t) in (|2.25p . satisfy a q a q = z(t)z(u>t) ■ ■ • z(u; l t), 
which is the relation between the determinant of (|2.15p and the quantum determinant of monodromy 
matrix ([2TT4]) : det(<g^Le) = (det g ®^L^). 

Note that each condition in (|2.23p is preserved under (I2.2ip and (|2.22p . and with the same 
criterion to which both and in (|2.24p belong. The structure of r^-model for the case 
= 1 in (|2.23p can be determined as follows. By Lemma [2. 11 we need only to consider those CPM 
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T pp' {^p^p') N = 1) then the relation (|2.3p yields (x p > , y p > , [i p > ) = {uj l y p ,u) i x p ,ui k n p l ) for some 
j, G Zjv- The L-operator (|2.12p under the gauge transform (|2.21j) with v = y^ 1 now becomes 

L(t) = 



l-tuj k X (l-oji +k+l X)Z 
-t(l - w^X)^ 1 -t + uj t+ i +k+l X 



where t = Note the above L(t) is the -L-operator (12.121) with b, b' = 1 and (a,a',c) = 

(uP , uj\ u> k ). In particular, it is represented by the L-operator of the superintegrable t^L with 
(x p ,y p ,fj, p ) = (u} m r]^,u m 'r)^,u n ) , (x p >,y p >, n p >) = (tn m ' +l rj^ ,uj m ~ j ri^ ,u~ n+k ) where rj := (j^r)^ , 
among which the homogenous CPM r^-matrices are those with the relations, 

uj 2n . When N is odd, those among superintegrable r^, with cj* + - j+1 = uj k = 1 correspond to XXZ 
chains for the cyclic U q {sl2) representations with q N = 1 and a iVth root-of-unity representation 
parameter q N = 1 |34j . 

3 The Q-operator of the generalized r^-model 

This section is devoted to the construction of Q-operator for a generalized r^-model with the 
L-operator ([2T2l) . The -models of our main interest are those not equivalent to CPM re- 
models in (|2.23p . By following Baxter's method of producing the eight-vertex (^-operator in [JJ, 
we shall first in subsection 13.11 describe the general mechanism of constructing the Q-operator of 
a generalized r^-model, and illustrate the method in the CPM 7~( 2 )-model by reproducing the 
transfer matrices (|2.7|) . (|2.8p as the Qr and Qi-operators. Then in subsection 13.21 we identify the 
transfer matrix of the selfdual degenerate Potts models with k' = 1 as the Q-operator for re- 
models with c = 1, among which when N is odd, are those equivalent to XXZ chains associated 
to cyclic U q {sl2) representations with q N = 1 and the representation parameter ^ / 1 



3.1 Construction of the Q-operator of a generalized r^-model, an d the transfer 
matrix of the chiral Potts model 



For a L-operator (|2.12|) . we define the C -operators A^C^D^ for £, rj G C as in [53] , 

k v {t) := k(t) - B(t) V , D € (t) := &(t) + D(t), 
C^(i) := £A(i) + C(t) - ^B(*)77 - D(t)r/, 



(3.1) 



with the following commutative relations ( |34j (3.5)): 

C^ v (t)X- 1 k n (ojt) = k^X^C^ut), C^^D^i) = D^u^C^i). (3.2) 

We are going to follow Baxter's Q72-operator method in [3J to produce the Qr, Ql, and Q-operator 
associated to the L-operator (|2.12p . The Qr, Q^-matrices are defined by 

L L 

Q R = tr C iv((g)S £ ), Ql = tr C iv ((g) S^) (3.3) 

l=i i=i 



9 



with S£, S^ = S, S at site £ respectively, where the local S, S-operators are matrices of C^-auxiliary 

y ■ 



and C^-quantum space with the C^-operator-entries Sjj,Sjo-: 



S ;S,. Aj ,. Zn . S iS,,),. ;;Zx . (3.4) 
Consider the local-operator U with the C 2 (g> C^-auxiliary and C^-quantum space: 



U 



AS BS 
CS DS 



Hereafter we write the operators A(t),B(t),C(t),D(t) simply by A, B,C, D if no confusion could 
arise; while the matrix S will depend on some variable a algebraically related to the variable t: 
S = S(cr). Then one has t^Qr = tr q2 qn (®^ =1 U^) where = U at the site £, and t^Qr will 
be decomposed into the sum of two matrices if we can find a 2N by 2N scalar matrix (independent 
of a) 

M=( /iV r r ° ), <5 = dia[<y 0> --- ,6n-i], (3-5) 



so that the matrix 



S In 



M _1 UM = | A ^ Sij '' BS ' iJ ' 



has vanishing lower blocktriangular matrix; and a similar discussion also for Qlt^ 2 \ For this 
purpose, we first determine the condition of £, ry so that the „ in (|3,ip is a singular operator. 
Since the entries of Cg jr; are zeros except 

bb'(n|C €) ,|n) = (bb'f - oj~ n bt){l - u^b" 1 ^), bb'(n|C^|n - 1) = -c(f - ^ n+1 a')(i - ^V), 

one finds 

(bbO^det C £ ,„ = (W N Z N - t N )(b N - r/ N ) - c N (£ N - a' N )(t N - V N a N ). (3.6) 

The vanishing determinant of will provide the criterion of £, r\ with a non-zero kernel vector 
of C^ jr) , by the same argument as in Lemma 3.2 of [33], now explained below. If det C^ tV = 0, the 
kernel of C^ j?? is one-dimensional generated by the kernel vector v = ^2 nS z N v n\ n ) defined by 

v n _c{ua' -u n i){t-u n zr]) 



Vn-x (b-iv n r])(t-u} n W£) 
Hence by (j3.2fl . one finds the relations 

k v (t)v(t) = X(t)Xv(u;~H), Dt(t)v(t) = \'{t)v(ujt) (3.8) 

where \{t) = ^^^gg^ 1 , A'(t) = ■ A similar argument implies that the 

one-dimensional cokernel for a singular operator C(^*,7/*) is generated by = XlneZjv u *™( n l with 

u* n (b-o; n -V)(*-^ n_1 bT) 
w™- 1 ~~ c(a' - w™- 1 ^*)^ - w n ar/*) ' ' ' ^ 
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satisfying the relations 

v*(t)k( V *)(t) = X*(t)v*{ut)X, v*(t)D{C)(t) = A*' (i)v*(u)~H) (3.10) 

where X*(t) = ^g^gg^gg , X*' (t) = ^E§^P^§j • In the above discussion when 
applying to the CPM L-operator with parameters in (|2,12[) given by (|2.18|) with t = t q , we set the 
parameters in (|3.7j) f|3.9|) by 



£ = w l x q ,rj = u j x q ; £*=w l y q ,rf=u J y q , (3.11) 
so that the cyclic vectors are determined by the relations 



Vn _ VpH p <(ux pl -u)" i x q )(y q -Lj n ix p ) v *n _ (x q -u} n 1 l y i)(y P -u n 1 3 y q ) 
v n -\ ~~ (y q -w n -*y p ,)(y p -u) n -3 x q ) ' ~ /j, pf i p , (x p , -uj n - 1 - i y q ){x q -u) n au)-i) ' 

With the following functions X(t),X'(t) in (|3.8p . we define the vectors in (|3.7p b>§| 

u„(i; w"-%) = W p > >q (n - i)W P:q (n - j), 

Vniuj^t; iv~ l x q , u~ j x q ) = Wp/p-igin - i + l)W p>u -i q (n - j + 1), 

v n (u>t;uj- % x q , u~ 3 x q ) = Wp> )R 2u-i q (n - fyW^jpu-igin - j); 

\f-f \ — (V -^ 1 t)(y P -x q ) . _ (t p -t)(y q -y pl ) 

^ ' ~ Vvy p i( x P '-^~ lx q) ' ^ ' ~~ VvVp'iyq-Xp) ' 



(3.12) 



(3.13) 



where W p ' tq , W Piq are Boltzmann weights in (|2.5[> . and the automorphisms f7, i? are in (j2.2[> . Simi- 
larly, the cyclic vectors in (|3.9p and functions in (|3.10p are expressed by 

v* n (t; uJ~ j y q ) = W p >. q {i - n)W p . q (j - n), 

u* n (w -1 t;w - *y g ,£«;- 3 yg) = W p > >R 2 U -i q (i-n + l)W PjR 2 U -i q (j-n + l), 

v* n (ujt;uj- l y q ,uj-3y q ) = W pliU -i q (i - n)W PiU -i q (j - n), 

_ (tp'-^ivp-yg) X*' (t) = ^~ I+J fa-^^Xy ~ x q) 

^ ' ~ Vvy P '{x p i-y q ) ' W — y pVp , (x p -uj- 1 x q ) ■ 

(Note that when the rapidities p,p' are sup erintegr able elements, the cyclic vectors and functions 
in (|3.13p (|3.14p were derived as formulas (4.15), (4.16) in [M])- We now construct the Q R , Ql- 
operators (|3.3[) for two arbitrary elements p,p' G 2SV using the following S, S-matrices (j3.4|) as 
defined in [34J (3.36): 

Sy = v(tq,u~ l x q ,u)~i x q )(j\, Sy = \j)v*(t q ;u;~ l y q ,uj~ : 'y q ), (3.15) 

which in turn yields the identification of Q R , Q_L-operators with the CPM transfer matrices in (|2.7p 
(HHD: 

Qr(q) = T p , p '{q), Q L (q) =T p y(q) (3.16) 
for q G Wk'- Then the t^T-t elation (ET201) follows from (13TT31) (gH|> . 



2 Using a different value for wot^i). one may define the vector « n (orf) in (|3.13p by v n (uit\ u) l x q ,uj ^x q ) = W p i : u q (n- 
l)W p , Uq (n-j-l), I 
(pJ9|) in the r (2) T-relati. 



i — l)W P} u q (n — j — 1), hence change the value of A'(t) by A'(t) = ~^ £ ^~^; j ~ ; which provides another form 
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We now use the kernel vector of the C^-operator to construct the Q^j-operator of an arbitrary 
r ( 2 )_ moc l e l with the L-operator in (|2.12p . Set (£,rj) = (Si,5j) with 5j's in (|3,5p . and the operator 
Sjj in (|3.4p by Sjj = VijTij, where v^j is the cyclic kernel vector in Cg it s., and Tjj S C^* is a 
parameter vector. The vector Vjj is non-zero if is a singular matrix. By (|3.6p . one finds 

(bb'^det - det C^) = (( N - n N )(b N b' N + c N a N a' N - t N (1 + c*)). 

Therefore it is convenient to assume 

C N = r ] N , (3.17) 

i.e. all 5^ with the same value £ N so that Cs^Sj are singular matrices for all which by (13.6|) are 
equivalent to the relation 

(b N b' N - c iV a Jv a /JV )e JV + (c N a' N - b N )t N + (c N a N - b' N )f N + (1 - c*)^ = 0. (3.18) 

We shall conduct the Q-operator investigation under the above assumption, with our main interest 
especially on those L-operator (|2.12p not equivalent to CPM ones as described in Theorem 12.11 Note 
that the variable £ in (|3.18p is algebraically related to t except the case when (^-l = a N -y N = 0, 
equivalent to the first relation in (|2.23p . which was previously discussed in [33] with no constraint 
on £ N . Furthermore, in the case for the CPM r^-model with parameters in (|2.18p . one finds 

b N h ,N _ c 7V a 7V a /iV = l _ Q N = _ k{c N 3 ,N _ ^ = _ k{c _N ^ _ yN^ 

which is equal to 1—fip y^i. Then by using (|3.1ip . (|3.18p becomes the first rapidity relation in (|2.4p . 
Hence one may regard the relation (|3,18p as the rapidity-constraint for a generalized -model as 
it will become clearer later in the paper. 
First we consider the case 

c 7V a ,iV _ bN = Q Qr c N a N _ b ,7V = Q (3 lg) 

When c N a' N = b iv ,e = is a solution of (|3.18p . equivalently to say, the entry C(t) of the -L-operator 
(|2.12|) possesses a non-zero kernel vector; similarly, there exists a non-zero kernel vector of B(t)- 
matrix when c N a N = b' N . Such a kernel vector defines the pseudo-vacuum state in the algebraic 
Bethe ansatz method, by which the eigenvalue problem was previously investigated in [31]. Hence 
for the rest of this paper, we shall restrict our discussion only on the remaining cases, i.e. with the 
condition 

(c N a' N -b N )(c N a N -W N )^0. (3.20) 

In the next subsection we construct the Q-operator of the r^-matrix with (|3.20p and c N = 1 
through the selfdual Potts models as degenerate forms of CPM. 

3.2 Selfdual degenerate Potts models 

In this subsection, we consider the L-operator (|2.12p with the condition (|3.20p and = 1. First, 
we assume b^b'^ = a N a' N . Using the relation (|2.2ip or (|2.22p . one may reduce the case with the 
condition 

+ b^ = a' N + b' N = 0, (3.21) 
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for a N ^ W , hence a' — b^ = a^ — b' / by (|3,20p . Introduce the variables x, y with x N = £ N 
and xy = t, then the equation (|3.18p becomes x N +y N = 0, which can be regarded as the degenerate 
rapidities in (|2.ip for k = 0, k' = ±1 with elements expressed by 

q : (x q , y q , fi q ), + yjf = 0, /if = ±1. (3.22) 

The Boltzmann weights (j2.5[) with p, q in the curve (|3.22p provide the selfdual solution of the 
star-triangle equation (|2.6p (([13] (10) for 1 = 0, [21J)). Define the elements p,p f in (|3.22[) by 

p : (xp,y p ,fip) = (a,b, 1), p' : (ay.yp'./v) = (a', b',c). (3.23) 

Then (|2.18p holds, and we obtain the relation (|3.12p with parameters given by (|3.1ip . The S- 
matrices (|3.4p defined by formulas (|3.13|) (|3.14p (|3.15|) give rise to the Qr, Qi-operators by us- 
ing the identity (|3.16p . where T P}P /(q),T p ^ p /(q) are the transfer matrices (|2.7p . f|2.8j) of the self- 
dual Potts model with the rapidity q in (pT22|) . Then r (2) T-relation ([2T20]) holds. Note that 
when N is odd, for a iVth root-of- unity q the XXZ chains associated to cyclic representations 
of U q (sl2) are known [M] to be equivalent to the r^-models with the L-operator (|2.12|) sat- 
isfying the conditions: b,b',c = ljwaa' = 1, where a' =: ? is the parameter of C/ q (s/2)-cyclic 
representations. By Theorem 12. 1\ the CPM r^-model occurs only when $ N = 1, in which case 
the Q-operator is equal to the CPM transfer matrix with two vertical superintegrable rapidities 
( [34] Theorem 4.2, or section I2T21 of this paper). The L-operator L(t) in (|2.12|) for the rest cases 
with (a, b, a', b',c) = (a; -1 ^ -1 , l,<j, 1, 1) (q N ^ 1) satisfy the conditions in our previous discussion: 
= 1, b^b'^ = a N a' N and (|3.20p . to which the theory of selfdual degenerate CPM can be applied. 
Indeed by the above discussion, the parameter in (|3.2ip and the variable t q = x q y q in (|3.22p are 
related to <; and t in the following manner when using the relation (|2.2ip : 

(a,b,a',b',c) = (w _ M^<^, i^<^, i^<^, i aM, 1), t q = t, (i = v^T)- 

or by using the relation (|2,22p with 

(a,b,a',b',c) = (^I^-\l, ? , ^=T?,1), t q = V^l^t. 

We now consider the case b^b'^ ^ a N a' N with = 1 and the condition (|3.20|) . Using relations 
(|2.2ip and (|2.22|) . one may assume 

a N a ,N _ b N W N = _ b N = a N_ + ^ 

which is equivalent to 

a^ + b N = a' N + b' N = 1, (3.24) 

with a^ ^ b' N . The coordinates (x,y) with x N = £ N and xy = t in (|3.18p in turn yields the 
equation of the Fermat curve, 
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which can be realized as a degenerated form of the chiral Potts curve (pTTjl in P 3 with k' = 1 (by 
rescaling a factor on c, d-components): 

k' = 1 : a " + = 1, c N = d N = 1 <=> x N + y N = 1, fi N = 1. (3.25) 

The Boltzmann weights (|2.5p with rapidities in (|3.25j) define a selfdual solution of (|2.6[) ([13] (10) 
for 1 = 1, [251 E]). With defined in ([3^3]) and <? in (K25\i . the relations (l3TTTT) - (l3TT6l) are valid, 
and the transfer matrices T p „i(q),T p „i{q) of the selfdual degenerate CPM associated to the (|3.25[) 
give rise to the Qr, Q^-operators with the commutation relation (|2.9p and r^T-relation (|2.20p . 
Remark. In the discussion of this subsection, the rapidities p,p' in (|3.23p satisfy the inequality 
a N 7^ b' N , a condition derived from the assumption that the first relation in (|2,23p is excluded 
in our consideration above. However, the argument in this subsection about the selfdual solution 
of (|2.6p using rapidities in (|3.22p or (|3.25p equally holds for p,p' in (|3.23p satisfying a N = b' N 
(which implies a' N = b N ). Since a r^-model satisfying the first relation in (|2.23p can be reduced 
to the -model with parameters satisfying (|3.2ip or (|3.24p by the gauge transform (|2.2ip . one 
may also use the transfer matrices of the selfdual Potts model to construct the Qr, (^-operator 
of r^-models with the first relation in (|2.23p . in which case we has also previously discussed the 
Qr, Q-L-operator in [33] through the superintegrable CPM transfer matrices T P)P i and T p y. 

4 Degenerate chiral Potts models for c N ^ 1 

This section is devoted to the study of Q-operator of the T^-models with ^ 1. By Theorem 
12.11 we need only to consider the cases not covered by the second inequality in (|2.23p . i.e. the 
parameters (|2.12p satisfying the condition (|3.2U|) with c N ^ 1 and 

(a /N - b N )(a N - b' N )(b N b' N - c N a N a' N ) = 0. (4.1) 

The above equality (|4,ip can be replaced by either b^b'^— c N a N a fN = 0, or (a /Ar — b Ar )(a iV — b /7V ) = 
(equivalent to b^b'^ — c N a N a fN by (|3.20p ). In subsection 14. 1\ we shall show the Q-operator 
with b^b'^ — c^a^a'^ = is given by the transfer matrix of the degenerate chiral Potts models 
for k' = 1. When (a' N — b N )(a N — b' N ) = 0, we illustrate in subsection 14.21 that the standard 
construction of a commuting family of Q-operators in [U [M] fails in this case albeit one can obtain 
the Qr, QL-operator through the theory of degenerate chiral Potts model for k' = 0. 

4.1 The degenerate chiral Potts model with k' = 1 

In this subsection, we construct the Q-operator of r^-models with (|3.20p . c N ^ 1 and b^b'^ — 
c N a N a /N = Q _ By ([3^201) a ' N ^ b N ,a N / b' N . Using relations (12311 and (1232J) . one may assume 

b^ = c ^-l^ c N = 1 -^ w = ^ w . (4.2) 



c N a' N — b N = c N a N uN — ~ N 1 " " ~ N 



By the coordinates (x,y) with x N = £ N ,t = xy in (|3. 18|) . we obtain 

x N +y N = x N y N ^ (1 - = l-y N =: v N . (4.3) 



14 



The variable fi is related to t by 

The relation (|4.2p implies 'pr + ]pr = ^jw + jyW> which is equal to 1 by using c N = b a ^,N an d 
a' N 7^ b N . Therefore (a, b), (a', b') satisfy the first relation in (|4.3p . Let p,p f be the elements in 
(OP defined by 

p : {x p ,y p ,n P ) = (a,b, (1 - b^)^), p' : (v,^,/y) = (a',b',c(l - b^) *r). (4.4) 

Note that by = (1 — b JV )(l — b' N ), the above )Ly differs from (1 — b' N )N only by a iVth root 
of unity. The curve (|4.3p can be regarded as the rapidity curve for k' = 1 in (|2,ip where the 
variables (a, 6, c, ci) is replaced by ( 1 \/kk'~ 1 a, \/kk'~ 1 b, c, d), by which the Boltzmann weights (|2.5p 
with rapidities in (14. 3|) give rise to a solution of (12. 6p . Hence the relations (I3.1ip -( [3.16p for q in 
(|4.3p define the transfer matrices T p ^ p /(q),T pp i(q) of the degenerate k' = 1 chiral Potts model, 
which provide the Qr, (5-L"°P era tors of the r^-model satisfying the commutation relation (|2.9p 
and r^T-relation (12301) . 

Remark. In the above discussion, we assume 7^ 1. However, the described Q-operator con- 
struction in above is also valid for the case = 1 when p,p' in (|4.4p are elements in the curve 
(OD with non-zero b, b' satisfying (1 - b N )(l - W N ) = 1. 



4.2 The degenerate r^-model for k' — 

We now study the case: c w / 1 with (a /Ar - b iV )(a Ar - W N ) = 0. By relations (l2T2Tj) and (I2T22]) . 
one may assume one of the following cases holds: 

a =b =1, b — c a =1 — c or a =b = 1, b — c a =1 — c, 

which imply = Vl% or t—tiv respectively. With the coordinates (x,y) with x N = £ N ,t = xy, 

J- 3 1 — a 

the relation (|3.18|) becomes 

1 _ y N_ x N + x N y N = Q (45) 

The above equation can be regarded the k' = limit of ([2^4"]) (or (f2TT]) ^l , which is composed of the 
two curves 

€ + : x N = 1, n N = 1 - j/* £_ : = 1, ^ = 1 - x N , (4.6) 

whose element is denoted by a = (x a ,y a , fj> a ). As in (|2.5p . we define the following weights for 
certain rapidities in (|4,6p with a £ £j, a' G £j for i, j = ±: 

W gg ,(n) = IT?-i V "f if z = J, 

T47^(n) = (^rn"=i^gf if ^'- 

Note that for elements <t, a' in (|4.6p with a; or y = 1 where n takes the zero or 00, the above 
Boltzmann weights are uniquely determined. However the formula in (|4.7|) are not defined when 



By changing k'fi by fj, in (|2.3|) . the k' = limit of 2Ufc< is £± respectively. 
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the indices i,j are not in the above described regions, hence the weights in (|4.7p do not provide a 
solution of the star-triangle relation (|2,6p . Define the following elements p,p' in (|4.6p : 

{x p ,y p ,ti p ) = (a,b,(l-a*)^) G £-,(x p ,,y p ,,fi pl ) = (a', b',c(l - a")*) € £+ if a ,JV = b w = 1, 
(x P ,y P ,^p) = (a, b,c(l - a /7V )iv) G £+, (x p ,,y p >, n p ,) = (a', b', (1 - a ,Af )iv ) g £_ if a^ = b' N = 1. 

One may still use the relations (|3. 1 1 j) - (|3. 16j) with q G £iU£2 to define the Qr, Qi-operator satisfying 
the relation (|2.20p . which are identified with T p ^ p i(q),T P)P i(q') in (|2.7p . (|2.8p for gg £„g' 6 £j and 
i ^ j- Note that there is no common rapidity variable q valid for both T p y and Due to the 

lack of the star-triangle relation for weights in (|4.7p . the commutation relation (|2.9H fails in this 
situation, which prevent us to obtain the commuting family of Q-operators. 

In the Q-operator discussion of this paper, we assume the condition (|3.20p . From the gen- 
eral "rapidity" constraint (|3.18p . one derives the rapidity xy-curves in ()3.22j) (|3.25p (|4.3p of the 
star-triangle solutions (|2.6p . which are all symmetrical when interchanging x and y. Indeed such 
symmetric property is encoded in the theory since the substitutions (|3.1ip in constructing Qr, Ql- 
operator, and the commuting Q-operators, require all the operators should share the same curve 
of rapidities. In case the condition (|3.20p fails, i.e. c N / 1 with c N a' N = b N (or c^a^ = b' N ), the 
relation (|3.18|) . other than the solution £ = 0, enables us to derive the curve 1 — x N + x N y N = 
through a similar procedure as before. However, the non-symmetric nature of the xy-curve prohibits 
the connection between those r^-models and CPM. Indeed the cyclic-vector construction in (|3.T|) 
(|3.9p only leads to the pseudo- vacuum state which serves a simple reference state acted iteratively 
by the "creation" B-operator in the algebraic Bethe ansatz method to produce a simultaneously 
diagonalized basis of the r( 2 )-operator. By this, one may regard Baxter's Q-operator method in 
CPM and the ABCD-algebra method in algebraic Bethe ansatz are complementary techniques in 
the theory of generalized r^ 2 -* -models. 

5 Functional relations of a degenerate chiral Potts model for k' = 1 

By the discussion in subsection 13.21 and subsection 14. 1[ the Boltzmann weights (|2.5p with rapidities 
in (|3.22p , (|3.25p or (|4.3p are solutions of the star-triangle relation (|2.6p , which define the degenerate 
chiral Potts model with k' = 1. By the same argument, the functional relations of CPM in [12] 
indeed also hold for these degenerate models with k' = 1, which we now explain below. First 
note that each of the rapidity curves, (|3.22[) (|3.25p or (|4.3p . is invariant under automorphisms in 
(|2.2p . and T PtP i(q),T PtP t{q) are single-valued functions of x q and y q , which will also be denoted by 
T PtP '(x q ,y q ),T Pj pi(x q ,y q ) as in the CPM case. By the construction of the Q-operator, the t^T- 
relation (|2.20p holds for those degenerated models. Indeed the arguments in deriving functional 
equations of CPM, and formulas (3.13)-(4.45) in [12] are all valid for these degenerate chiral Potts 
models for k' = 1. The fusion matrix T^\t q ) in subsection 12.21 of this paper is the same as 
in [T2] (3.44a) with k = : = T^(t q ); the fusion relations, OTTj) and (I2T23D . are given by 
formulas (4.27a)/% =m= o, (4.27c)fc = o respectively, in [12]. The r^T-relation (|2.20p is the same as 
[12] (4.20) (4.21) (for k = and setting (2.41) = ( q = 1). The r^T-relation is now expressed 
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by ([12] (4.34) fe=0 ) 

T^Htq) = Y.m=0 VqWq ' ' ' ^m-l g ■ • • ^[tf-l g 

T P:P >(x q ,y q )T p , p ,(uj m x q ,y q )- 1 T p!p ,(uj :l x q ,y q )T PyP , (u m+1 x q , y^X^™- 1 

where ipu-i a ,7p are the scale-factors in the r^T-relation (I2.19P : = { ■% 17— ^r%^: t^ }"^ ^Pa = 
y y ypVp'^p' x q) " 

{ ^ P 'y^%i-ux q ) Xq) ^ ' Which are related to Z ^ in ( ^ TT7 1 ) b y = The relation of CPM 

transfer matrix and r^'s is given by the TT-relation ( [12j (3.46)^=0 ): 

\f j \ tpl {x qi y q )f PtP >{y q ,uPx q ) = H p j ) q r^(t q ) + H^r^\uH q )X^ 

where H U) - i ^ 1)l2t v' N ^ 1 ^'-^\ L R U) _ ( <oM +1 » 2 v; i ntt(t p -<Jt q ) )L (0J) _ ^o^Tf 1 )-l 
wnereii p , q -i ^^j^^^y J , ^ ~l (l-atf/^JHW**)' > ' Aq ~ ^ ViZ w 4 W 

with ng = n ^ %) and T% = ([12J (3 . 24) (3 . 35) (3 . 36) 

(3.41) (3.42)). Using formulas (4.37)-(4.38) in [12], one can write TT-relation in the form ( |10| 
(13), m (15)): 

T PtP ,(x q ,y q )T PtP ,(y q ,ujix q ) = r pljq h j;Ptp/ JrU)(t q ) + ^^y-<^K ( N ^\u;H q )X^ 

, ( N(x ,-x q ){y ,-y q ){t»-t%) L y p y ,(x ,-u™x q ) L . . __ 

where ry, 9 = ( ^-x^-y^-t,) > > W,. = (11^=1 fa-J^xy-^) ) , and a q is m ([226]). 
In particular for j = N, the TT-relation reduces to ( [12] (4.44) ) 

rp ( vr f i - f N (ypyp') N ^(yp ~ x q)(?v - \ 

Then one can derive the functional relation of CPM transfer matrix ( [12] (4.40) ) : 

JV-1 

T PiP >(y q , x q ) = C m . q T pp i(u) m x q ,y q ) 1 T pp i(x q ,y q )T pp i(u> m+1 x q ,y q ) 1 X rn 

m=Q 

i — — — ( N (yvy P ') N ~ 1( ,yv- x q){y v '-yq)\L 
where G m>g = (p q ipu q ■ • • l Pu m - 1 q i Pu m + 1 q i Pu m + 2 q • • • Vu N ~ 1 q\ (y$ -x%){y N ,- y $) > ' 

6 Concluding Remarks 

Through the Q-operator approach, we establish the equivalent relation between the theories of 
generalized r^-model and the TV-state chiral Potts models with the degenerate forms included. 
The application of a special gauge transform and the rescaling of spectral parameters of the L- 
operator has effectively deduced the five-parameter r^-family to the three-parameter ones in 
CPM. The "generic" r^-models correspond to CPM with two vertical rapidities in Wy with 
k' ^ 0, ±1 in (|2.ip . and the result is verified by an algebraic-geometry method. The explicit form 
of the generic parameters is described in Theorem 12.11 Other than a special kind of r^-models 
(|3.19p which can be treated by the algebraic Bethe ansatz method, the Baxter's (372-operator 
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technique is successfully applied to the rest "non-generic" r^-models, where the Qr, Qz,-operators 
are represented by transfer matrices T P}P ',T p ^ p i of the degenerate chiral Potts model for k' = 1,0. 
The degenerate models for k' = 1 all arise from the selfdual solutions of the star-triangle relation 
(|2.6p [3] 125 1 fl3l I21j . As a result of our working, an explicit matrix form of the -model is found, 
and functional relations are verified for the selfdual Potts models in the same way as the solvable 
CPM in [12] . It would be desirable that the functional-relation method can also be employed in the 
investigation of eigenvalue problem for those degenerate models, just as in the discussion of CPM 
in [8] [9] [26]. A programme along this line is now under progress and partial results are promising. 
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Appendix: Algebraic geometry of chiral Potts r^-models with two 
alternating rapidities 

In this appendix, we provide an algebraic geometry proof of Theorem 12.11 First we determine the 
explicit equations about parameters in (|2.12p corresponding to the 3-parameter CPM family (|2.18p . 
For simple notations, in this appendix we shall write x = x p , y = y p , fi = fi p , x' = x p i,y' = y p ', /J,' = 
fi p i for p,p' G 2Bfc', then the relation (|2.4|) yields 

x N + y N _ x' N + y' N _ N _ 1 - kx N kx' N 

l + x N y N ~ l + x' N y' N ' ~ k> ' M ~ k> [ j 

with the condition about k ^ 0, ±1, do, which is equivalent to the constraints, 

f (x N + y N )(l-x 2N )(l-y 2N ){l+x N y N )^0, or x N = -y N = ±1, 
{ (x' N + y' N )(l-x' 2N )(l-y' 2N )(l + x' N y' N )^0, or x' N = -y' N = ±1. 

The CPM condition (|2.18p now becomes 

(a, b, a', b', c) = (x, y, x' , y' , ^'). (A3) 

By ([AT]) , one finds 



lN _ (x N + y N )-(l + x N y N )x' N N _ l + x N y N -(x N + y N )x' N 

V ~ (l+x N y N )-(x N +y N )x> N1 (W) ~ l-y 2N 

equivalently, the elements in (jA3j) satisfy the relations 

(1 + 3 N b N )b' N - (a N + b N y N b' N = (a N + b N ) - (1 + z N b N )z' N , 
(1 + a N b N )c N - (a N + b N )a >N c N = 1 - b 2N , 



(A2) 



(A4) 
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with the constraint condition (|A2|) replaced by 

either (x N + y N )(l + x N y N )(l - x 2N )(l - y 2N )(l - x' 2N ) ± 0, 



or x 



N _ „JV 



V N = ±1, (A5) 
or (x^+y 7V )(l-x 2iV )(l-y 2iV )(l+2 JV 2/^)^0 ,z /iV = ±l. 

The first case in above implies (x' N + y' N )(l + x' N y' N )(l — x' 2N )(l — y' 2N ) ^ 0. For the second case 
in (|MD, one has fi N = (g) 1 / 2 , which by ([AID, yields k = Jn^-n = Jn^n • Then either 
{HH') N = 1 where -x' N = y' N = ±1, or (/V)^ / 1 where x' N ^ tOV) - ^ =Fl, V s + ±{fifJ.') N , ±1 
and (fi/j,') N = \=^m ■ For the third case in (IA5D . one has x /Ar = ±1, hence y' N = =Fl, and 
(fJ>fJ.') N = (j^fisn by (|A4jl . Therefore equation (jA4|) subject to the constraint (1A5I) can be divided 
into the following cases: 



(A6) 



= 1, = -b N = -a' N = b' N = ±1; 
(it) (a N + b N )(l + a N b N )(l - a 2N )(l - b 2N )(l - a' 2N ) + 0, 

J a N + b N + (jJ iV + b iV )a /AT b /iV = a /7V + b ,iV + ^ + b^A^tf 

{ (1 + a^c* - (a w + b> /7V c w = 1 - b 2 ^; 
(m) c^l, a N = -b N = ±l, ( a ' N ±c- N )( a ' N ±l)(b' N Tc N )(b' N Tl)^0, 

1±W N -c n (1t*' N ) = 0; 
(in') c N ^l, a' N = -b' N = ±l, (a w ±c- w )(a w ±l)(b Ar T c")(b N T l)/0 1 

l±b iV -c 7V (l^a 7V ) = 0. 

The above (Hi) and (Hi') are symmetrical under the substitution: a, b <-> a', b'. The third condition 
in (Hi) is equivalent to (a' N + b /Ar )(l — a' 2N )(l — b' 2N )(l + a fN b' N ) ^ 0; a similar statement also 
exists for (»«'). Note that (it) implies (a' N + b' N )(l + a /7V b /JV )(l - a' 2N )(l - b' 2N )(l - a 2N ) ± 0; 
and when interchanging a, b respectively with a', W in conditions of (ii), one obtains the equivalent 
condition for (ii). 

We are going to describe C* 2 -orbits of elements in (|A6P for parameters in (|2,12p under the 
C* 2 -action induced by relations (|2.2ip and (|2.22p . i.e., 

(a, b,a', b',c) h-> (A^ -1 a, ub, ua', Ai/ _1 b',c), A, ^ G C*. (A7) 

Denote u := X N i^~ N ,v := u N G C*. Theorem ETTI will follow by resolving (a, b, a', b', c) G C* 5 for 
each of the following equations (corresponding to those in (|A6p ). so that one can obtain a solution 
of (u,v) G C* 2 : 

(I) c* = l, ua N = -vb N = -va' N = ub' N = ±1; 

(II) (ua^ + vb N )(l + Mva N b N )(l - n 2 a 2N )(l - v 2 b 2N )(l - v 2 a' 2N ) ± 0, 



rva b (b iV — a ) + uv z b a (a — b ) = u(a JV — b ) + v(b IV 



a 



\ uva N (b N - a' N )c N + v 2 b N (b N - a' N c N ) = l-c N ; 
(III) ^ 1, ua^ = -vb^ = ±1, (va /N ± Q- N )(va' N ± l)(ub /7V T c^Xub'" T 1) ¥= 0, 

l±ub /7V -c 7V (l T va /7V ) = 0; 
(III') c w ^ 1, va /Ar = -ub ,7V = ±1, (ua w ± c~ N )(ua N ± ^(vb^ T c JV )(vb 7V T l)^0, 

l±vb Ar -c Ar (l^ua 7V ) = 0. 



(A8) 
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Note that the interchange of a, b,u respectively with a', b',v leaves the cases (I) and (II) invariant 
(only replaced by some equivalent relations), while (III) and (III') are exchanged. The third 
condition in (III) is equivalent to (va' N + ub /iV )(l - v 2 a' 2N ){\ - u 2 b' 2N )(l + uva' N W N ) ± 0; a 
symmetrical statement holds also for (III'). 

When c N = 1, we need only to consider the cases (I) and (II) in (|A8|) . For the case (II), 
the second equality equation implies (ua^ + vb Ar )(b Ar — a' N ) = 0, hence by the first (constraint) 
condition, b^ = a' N . Then the first equality equation yields (1 — v 2 b 2N )(a N — b' N ) = 0, hence 
a^ = b' N . Therefore both the cases, (I) and (II) with = 1, satisfy the condition in Theorem l2.ll 
for c N = 1. From now on, we shall assume c ^ 1, where only the cases (II), (III) and (III') to be 
considered. First we show 

(b N - a' N )(b' N - a N )(b N - a' N c N )(b' N - a N c N ) ^ 0, (A9) 

which is obviously valid for (III) and (HI')- Indeed in the case (II), the second equation when 
b^ = a' N or b^ = a' N c N implies 1 — v 2 b 2N = or 1 + uva Ar b Ar = respectively, both contradicting 
the constraint condition. By the symmetrical argument, b' N a N and b' N a N c N ; hence follows 

HMD- 

Now assume the condition (|A9|) . We are going to study the complex solution (u, v) of equations 
in (US}: 

f u 2 va N b' N (b N -a> N )+uv 2 b N a> N (a N -b' N )=u(a N -W N )+v(b N -a' N ), 

{ uva N (b N - a' N )c N + v 2 b N (b N - a' N c N ) = 1 - c N , ( 10) 

and examine the condition so that the constraints in (|A8|) are satisfied. Note that by c / 1 
and b^ ^ a' N , any solution of (|A10p must have the non-zero u, v- value. Furthermore, the u,v 
determined by (ua^vb^) = ±(1,— 1) are solutions of (|A10|) . but fail to satisfy the inequality 
constraint in (II). 

Lemma 6.1 Let (u, v) be a solution of (\A ICty . Then the following conditions are equivalent: 

(ua N , vb N ) = ±(1, -1) ^ vb N = Tl ^ ua^ + vb^ = ^ 1 + uva N b N = 0. (All) 

Proof. The first equivalence relation follows from the second equation in (|A10[) and the condition 
a' N ^ b^. If ua^ + vb^ = 0, the second equation in (TATOj) becomes (1 - c N )(l + uva^b^) = 0, 
hence 1 + uva^b^ = 0. Conversely when 1 + uva^b^ = 0, one can write the second equation in 
(TAlOl) as (v 2 b 2N - l)(b N - a' N c N ) = 0, hence by the assumption b N ^ a' N c N , vb N = Tl- Then 
follow the results. 

Remark. One can express ub' N in terms of ua N ,vb N ,va' N using the first equation in (|A10p . then 
obtain 

1 - u 2 b' 27V = (1 - u 2 a 2N )(l - v 2 a' 2N )(l - v 2 b 2N ), 

1 + uva' N W N - (va /N + ub' N )ua N = (1 - u 2 a 2N )(l - v 2 a' 2N )(l + uva N b N - (ua N + vb N )va' N ), 

which in turn yield the equations symmetrical to those in (|A10p by interchanging a, b, u respectively 
with a', b', v. Therefore follows the equivalence of (jAlip and its dual relation, which is obtained by 
replacing ua^vb^ in (jAlip by va' N ,ub' N respectively. 
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We now determine the solutions of (|A10p other than those in the above lemma. By b N 7^ a' N , 
and the second relation of (|A10|) . we express u in terms of v, substituted in the first equation of 
(|A10p . which is now equivalent to the v-polynomial: 

C 4 (b N v) A + C 2 (b N v) 2 + C = 0, (A12) 

where C = (1 - c N )(b' N - a N c N ) 0), and 

C 2 = -2b' N + b~ N {a N + b' N ){b N + a'^c" - a N b~ 2N (b 2N + a' 2N )c 2N , 
C A = b~ 2N (b N - a ' N c N )(b N b' N - a N a' N c N ). 

Note that C + C 2 + C 4 = 0. Claim: b^b'^ / a N a' N c N . Otherwise, C 4 = 0, which implies 
vb N = =Fl, hence ua^ = ±1 and ub' + va'c = 0, contradicting to the conditions in (II), (III) and 
(III'). Therefore (|A12|) is a fourth-order equation with the solutions given by 

v 2 h 2 ^ = 1 n, ^(l-C^Xb^-dVQ 

(b^-a' Jv c^ v )(b Jv b' 7V -a^a' 7V c^)' { ' 

Using a' N ^ b N , the condition of the above second solution with value 1 is equivalent to the 
relation a N b N (l - c N ) + b^b'^ - a^a'^c^ = 0. By Lemma ED (ua^vb*) = ±(1,-1)- Then 
follows the equality relation in (III), where the constraint inequalities also hold by the remark 
of Lemma 16.11 We now consider the case when v 2 b 2N is given by the second solution in (|A13[) 
which is not equal to one. By Lemma 16. 11 vb N gives rise a solution of the case (II) in (|A8|) except 
the constraint condition v 2 a' 2N 7^ 1. In case va'^ = ±1, the second equation of ()A10p becomes 
c N (l =F ua Ar )(l =p vb^) = 1 — v 2 b 2N , and ub' N = =Fl holds by the remark of Lemma fo.ll Since 
v 2 b 2N ^2 l ; this provides a solution of (III) in (|A8p , This completes the proof of Theorem 12.11 



References 

[1] G. Albertini, B. M. McCoy, and J. H. H. Perk, Eigenvalue spectrum of the superintegrable 
chiral Potts model, in Adv. Stud. Pure Math., 19, Kinokuniya Academic (1989) 1-55. 

[2] H. Au-Yang, B. M. McCoy, J. H. H. Perk, S. Tang and M. L. Yan, Commuting transfer matrices 
in chiral Potts models: solutions of the star-triangle equations with genus > 1, Phys. Lett. A 
123 (1987) 219-223. 

[3] H. Au-Yang, B. M. McCoy, J. H. H. Perk and S. Tang, Solvable models in statistical mechanics 
and Riemann surfaces of genus greater than one, Algebraic Analysis, Vol. 1 , eds. M. Kashiwara 
and T. Kawai, Academic Press, San Diego (1988), 29-40. 

[4] R. J. Baxter, Partition function of the eight vertex model, Ann. Phys. 70 (1972) 193-228. 

[5] R. J. Baxter, Eight-vertex model in lattice statistic and one-dimensional anisotropic Heisenberg 
chain I: Some fundamental eigenvalues, II. Equivalence to a generalized Ice-type lattice model, 
III. Eigenvalues of the transfer matrix and Hamiltonian, Ann. Phys. 76 (1973) 1-71. 



21 



R. J. Baxter, Exactly solved models in statistical mechanics, Academic Press (1982). 

R. J. Baxter, Superintegrable chiral Potts model: Thermodynamic properties, an "Inverse" 
model, and a simple associated Hamiltonian, J. Stat. Phys. 57 (1989) 1-39. 

R. J. Baxter, Chiral Potts model: eigenvalues of the transfer matrix, Phys. Lett. A 146 (1990) 
110-114. 

R. J. Baxter, Chiral Potts model with skewed boundary conditions, J. Stat. Phys. 73 (1993) 
461-495. 

R. J. Baxter, The "inversion relation" method for obtaining the free energy of the chiral Potts 



model, Physica A 322 (2003) 407-431; cond-mat/02121075. 



R. J. Baxter, Transfer matrix functional relation for the generalized T2(t q ) model, J. Stat. 
Phys. 117 (2004) 1-25; |cond-mat/0409493[ 

R. J. Baxter, V.V. Bazhanov and J.H.H. Perk, Functional relations for transfer matrices of 
the chiral Potts model, Int. J. Mod. Phys. B 4 (1990) 803-870. 

R. J. Baxter, J. H. H. Perk and H. Au-Yang, New solutions of the star-triangle relations for 
the chiral Potts model, Phys. Lett. A 128 (1988) 138-142. 

V.V. Bazhanov and Yu.G. Stroganov, Chiral Potts model as a descendant of the six-vertex 
model, J. Stat. Phys. 59 (1990) 799-817. 

T. Deguchi, K. Fabricius and B. M. McCoy, The sfa loop algebra symmetry for the six-vertex 
model at roots of unity, J. Stat. Phys. 102 (2001) 701-736; |cond-mat/9912141| 

K. Fabricius and B. M. McCoy, Evaluation parameters and Bethe roots for the six vertex 
model at roots of unity, Progress in Mathematical Physics Vol 23, eds. M. Kashiwara and T. 



Miwa, Birkhauser Boston (2002), 119-144; [cond-mat/010 8057. 



K. Fabricius and B. M. McCoy, New developments in the eight vertex model, J. Stat. Phys. 



Ill (2003) 323-337; |cond- mat/02 07177 



K. Fabricius and B. M. McCoy, Functional equations and fusion matrices for the eight vertex 



model, Publ. RIMS, 40 (2004) 905-932; cond-mat/0311122 



K. Fabricius, A new Q-operator in the eight-vertex model, J. Phys. A: Math. Theor. 40 (2007) 
4075-4086; |cond-mat/0610481| y3. 

L. D. Faddeev, How algebraic Bethe Ansatz works for integrable models, eds. A. Connes, K. 
Gawedzki and J. Zinn-Justin, Quantum symmetries/ Symmetries quantiques, Proceedings of 
the Les Houches summer school, Session LXIV, Les Houches, France, August 1- September 8, 
1995, North-Holland (1998), 149-219; 



22 



[21] V. A. Fateev and A. B. Zamolodchikov, Self-dual solutions of the star-triangle relations in 
Z^-models, Phys. Lett. A 92 (1982) 37-39. 

[22] G. von Gehlen, N. Iorgov, S. Pakuliak and V. Shadura: Baxter-Bazhanov- Stroganov model: 
Separation of variables and Baxter equation, J. Phys. A: Math. Gen. 39 (2006) 7257-7282; 
nhnTSI/0603028j 



[23] V. E. Korepin, N. M. Bogoliubov, and A. G. Izegin, Quantum inverse scattering method and 
correlation functions, Cambridge Univ. Press, Cambridge, 1993. 

[24] P. P. Kulish and E. K. Sklyanin, Quantum spectral transform method. Recent developments, 
eds. J. Hietarinta and C. Montonen, Lecture Notes in Physics 151 Springer (1982), 61-119. 

[25] B. M. McCoy, J. H. H. Perk, S. Tang and C. H. Sah, Commuting transfer matrices for the 
four-state self-dual chiral Potts model with a genus-three uniformizing Fermat curve, Phys. 
Lett. A 125 (1987) 9-14. 

[26] B. M. McCoy and S. S. Roan, Excitation spectrum and phase structure of the chiral Potts 
model. Phys. Lett. A 150 (1990) 347-354. 

[27] S. S. Roan, Chiral Potts rapidity curve descended from six-vertex model and symmetry group 
of rapidities, J. Phys. A: Math. Gen. 38 (2005) 7483-7499; |cond-mat/0410011[ 

[28] S. S. Roan, The Onsager algebra symmetry of -matrices in the superintegrable chiral Potts 
model, J. Stat. Mech. (2005) P09007; |cond-mat/0505698| 

[29] S. S. Roan, Bethe ansatz and symmetry in superintegrable chiral Potts model and root-of- 
unity six-vertex model, in Nankai Tracts in Mathematics Vol. 10, Differential Geometry and 
Physics, eds. Mo-Lin Go and Weiping Zhang, World Scientific, Singapore (2006), 399-409; 



cond-mat/0511543 



[30] S. S. Roan, The Q-operator for root-of-unity symmetry in six vertex model, J. Phys. A: Math. 
Gen. 39 (2006) 12303-12325; |cond-mat/0602375[ 

[31] S. S. Roan, Fusion operators in the generalized r^-model and root-of-unity symmetry 
of the XXZ spin chain of higher spin, J. Phys. A: Math. Theor. 40 (2007) 1481-1511; 
|cond-mat/0607258[ 

[32] S. S. Roan, The Q-operator and functional relations of the eight-vertex model at root-of-unity 
rj = 2mK/N for odd N, J. Phys. A: Math. Theor. 40 (2007) 11019-11044; |cond-mat/0611316[ 



[33] S. S. Roan, On Q-operators of XXZ spin chain of higher spin, cond-mat/ 0702271 



[34] S. S. Roan, The transfer matrix of superintegrable chiral Potts model as the Q-operator of 
root-of-unity XXZ chain with cyclic representation of U q (sl2), J. Stat. Mech. (2007) P09021; 
arXiv: 0705.2856. 



23 



[35] L. A. Takhtadzhan and L. D. Faddeev, The quantum method of the inverse problem and 
Heisenberg XYZ model, Usp. Mat. Nauk 34 (1979) 13-63 (in Russian), (English Translation: 
Russ. Math. Surveys 34 (1979) 11-68). 

[36] V. O. Tarasov, Cyclic monodromy matrices for the R- matrix of the six- vertex model and the 
chiral Potts model with fix spin boundary conditions, Intern. J. Mod. Phys. A7 Suppl. IB 
(1992) 963-975. 



24 



